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Unstructured Mesh Quality Assessment and Upwind Euler
Solution Algorithm Validation
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Quality assessment procedures are described for two- and three-dimensional unstructured meshes. The pro-
cedures include measurement of minimum angles, element aspect ratios, stretching, and element skewness.
Meshes about the ONERA M6 wing and the Boeing 747 transport configuration are generated using an advancing
front method grid generation package of programs. Solutions of the Euler equations for these meshes are
obtained at low angle-of-attack, transonic conditions. Results for these cases, obtained as part of a validation
study, investigate accuracy of an implicit upwind Euler solution algorithm.

Introduction

I N recent years, considerable progress has been made in
developing computational fluid dynamics (CFD) methods

for unstructured triangular and tetrahedral meshes.1"9 These
meshes are an alternative to the traditional structured meshes,
for which many CFD algorithms have been developed. Un-
structured meshes have several distinct advantages over their
structured mesh counterparts. For example, they can treat
arbitrary complex geometries effectively, and they readily lend
themselves to spatial adaption procedures. These advantages
result from the arbitrary nature of the numbering and place-
ment of the nodes and elements which make up a mesh.

The generation of unstructured meshes generally falls into
three broad categories: 1) the triangularization of structured
grids, 2) Voronoi/Delaunay triangularization,10"16 and 3) the
advancing front method. 4J7~2() However, regardless of what
method was used to generate the unstructured mesh, the qual-
ity of these meshes oftentimes is not acceptable for flow so-
lution. With meshes for realistic three-dimensional configu-
rations having a quarter million or more elements, the computer
time required to solve the flow equations on one of these
meshes is relatively large. Because problems in these meshes
can significantly affect the solution time and accuracy, it be-
comes important to be able to assess the quality of a mesh
before many hours of computer time are used in an attempt
to obtain a solution on a mesh of questionable quality. A
summary, e.g., of some mesh quality measures is given by
Baker,14 15 and a strategy for improving mesh quality is de-
scribed by Formaggia.17
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To assess the state of unstructured mesh grid generation,
an advancing front method grid generation package of pro-
grams was used in the present study,19 and several measures
were created to determine and assess mesh quality. Meshes
were generated about the ONERA M6 wing and about the
Boeing 747 transport configuration. The purpose of this article
is to report the quality evaluations that were performed for
these meshes and to present numerical solutions of the Euler
equations that are determined on these meshes. Steady flow
results are calculated on these meshes and are compared to
experimental data as part of a validation study of a three-
dimensional implicit upwind Euler solution algorithm.

Advancing Front Method
In the two-dimensional advancing front method, elements

are generated by marching a "front" of free sides into the
computational domain. The initial front is created by subdi-
viding the prescribed boundary segments according to the
spacing determined by interpolation from a background grid,
an example of which is shown in Fig. la. New triangles are
created by extending this front, also according to the back-
ground spacing. If possible, an existing node is used to gen-
erate this new element, but, if necessary, a new node is cre-
ated. Once a new element has been created, the front is
updated to reflect changes due to the creation of the new
element, as shown in Fig. Ib. This procedure continues until
all sides in the front are removed, and the domain is meshed,
as shown in Fig. Ic.

The method works similarly in three dimensions. The initial
front is composed of a surface mesh of triangles. This surface
mesh is created by applying the two-dimensional grid gen-
erator to surface regions which are specified by taking con-
venient subsets of the entire boundary. These regions first
must be mapped to a two-dimensional computational space,

a) ~^- b) ' — c)
Fig. 1 Advancing front method: a) initial front, b) advancing the
front, and c) the final mesh.
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then back to three dimensions once a region is meshed. From
this front, a triangular side is chosen to create a new element.
A new tetrahedron is formed, using either a new or an existing
node. The front then is updated, and the process continues
until the entire region is meshed.

When generating a three-dimensional mesh, care must be
taken to insure that the surface normals from each region
point into the computational domain. Another potential dif-
ficulty occurs if the background mesh does not cover the entire
flowfield domain. In this case, errors are produced when the
front reaches the area not covered by the background grid.
This especially can happen if there are holes in the background
grid or if somehow it is turned inside out.

VGRID3D
The VGRID3D package of programs, provided by Parikh

and Pirzadeh,19 consists basically of one core program; how-
ever there are several pre- and postprocessing programs as
well. Among them is a program to input the surface data,
graphically taken from existing structured data. Another pre-
processing program is used to input data graphically and to
make modifications to the background mesh. This program
treats three line types, including straight lines, parabolic lines,
and arbitrary splined lines. There also are five kinds of sur-
faces, including planar, three and four segment parabolic, and
three and four segment arbitrary surfaces. Using these dif-
ferent surfaces, it is possible to define arbitrary geometries.

The VGRID3D program maps the surface information to
and from computational space by solving the Poisson equation
based on the boundary segments. For this reason, "small"
surface regions must be used in VGRID3D so that the interior
geometry is not adversely affected. Also, the data structure
utilized by VGRID3D makes it conducive to taking infor-
mation from a pre"-existing data file, such as might be output
by a CAD/CAM package, and easily converting it, using one
of the preprocessing programs.

The greatest advantage of the VGRID3D program is the
graphical interface. Written to run on a Silicon Graphics Iris
Workstation, the program is able to display the surface mesh
quickly from a variety of different locations, as well as being
able to plot the front itself as it advances. In this way, the
user can view the mesh as it is being created. There are also
disadvantages. One disadvantage is that the input data is not
modified easily. Adding elements to an existing data structure
can require significant work. Because all nonplanar surfaces
must have either three or four segments as their boundaries,
the addition of new components, such as stores or flaps, can
increase greatly the number of surfaces, segments, and points
required, not to mention the increased complexity of the data
file itself.

Two-Dimensional Grid Quality
Grid qualities were defined first for two-dimensional meshes

before investigating the quality of three-dimensional meshes.
These two-dimensional qualities are described here briefly for
simplicity. A complete set of two-dimensional mesh quality
results may be found in Ref. 21.

Many quality measures can be devised for two-dimensional
grids,14-15 but they generally all fall into two categories, in-
dividual element quantities and local or global mesh quan-
tities. Individual element quantities are those which apply to
elements by themselves, regardless of the surrounding mesh.
Local quantities are those which apply to how an individual
element "fits in" with the elements which surround it. These
can be applied as local measures, if taken near an airfoil or
other area of interest, or as global measures if taken over the
entire mesh. One reason the parameters described below are
chosen as two-dimensional quality measures is that they all
can be extended readily to three dimensions.
Individual Element Quality

It is generally accepted that a mesh composed of equilateral
triangles is ideal for two-dimensional unstructured meshes,

just as a mesh composed of squares is ideal for structured
meshes. Among individual element quantities, one that is in
common use is a measure of the minimum angle of a triangle.
By maximizing the minimum angle, an element becomes more
uniform. By making use of the vector dot product, this quan-
tity is reasonably simple to compute. It is not, however, the
only measure of element quality.

A far less sophisticated method is to take the ratio of the
maximum and minimum side lengths for each element. This
is shown graphically in Fig. 2a. This puts a bound on the
minimum angle, but it requires less computation. In general,
the extra computation required to determine the minimum
angle itself is small. When these concepts are extrapolated to
three-dimensions, however, small savings in individual com-
putations can become significant.

Another way to measure element quality, shown in Fig. 2b,
is to define an aspect ratio for each element. This is defined
by taking the ratio of the area of the smallest circle that can
be superscribed about the triangle to the area of the largest
circle that can be inscribed within the triangle. This measure
then is normalized using the aspect ratio of an equilateral
triangle, strictly for the sake of convenience, so that an aspect
ratio of 1 indicates an equilateral triangle.

Local Mesh Quality
To measure local mesh qualities, information must be known

about the neighboring elements. Because of the inherent ran-
dom nature of unstructured grids, neighboring element in-
formation must also be known, resulting in additional com-
putational overhead. At the very minimum, the identity of
the three triangles which surround a given triangle must be
known. Additional nodal and connectivity information also
are computed and stored for convenience.

Any of the above individual element quality measures also
can be used as local mesh quality measures by taking ratios
of their values across sides. For example, it might be advan-
tageous to compare the aspect ratio of elements across edges.
While these adapted measures can be useful, there are other
local mesh quality measures which do not have individual
element analogies. The most common of these is area ratios.
These area ratios are useful to determine the amount of
stretching in the mesh. For internal flow problems, such as
ducts, this is not a great problem, but for external flows, such
as airfoils, the stretching can be significant.

Another local quality measure is element skewness. A tri-
angle can be formed using the midpoint of the side of interest
and the two opposing vertices as shown in Fig. 3. The area
of this triangle divided by the average area of the two base

-LI

a) b)
Fig. 2 Definition of individual element quality parameters: a) length
ratio and b) aspect ratio.

Fig. 3 Area ratio and skewness definitions.
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triangles gives the skewness across that face. This parameter
is 0 for a well-aligned mesh and, in general, will be less than
1, except for highly-distorted meshes.

Three-Dimensional Grid Quality
The following subsections address individual element qual-

ity and local mesh quality as they apply to three-dimensional
grids. Similar quality measures have been reported previously
by Baker14"16 and Formaggia.17

Individual Element Quality
In three-dimensional meshes, the minimum angle measure-

ment becomes the minimum dihedral angle measurement.
The dihedral angle is measured using the vector dot product
for each combination of the four faces which make up the
tetrahedron. From this, the minimum of the six dihedral an-
gles is found.

Another way to measure element quality is to take a ratio
of the areas of the largest and smallest faces. The areas are
found by taking the vector cross product of two of the three
edges which make up a face. The magnitude of this vector is
used as the area. This is far less computationally intensive
than computing the dihedral angles for each face, and yields
similar results.

An aspect ratio for a tetrahedron can be defined as the
ratio of the volume of the smallest sphere that can surround
the tetrahedron to the volume of the largest sphere that can
be fit within the tetrahedron. This ratio then is normalized
by the value of a "regular" tetrahedron with equilateral faces.

There are other computations which can be made easily at
the same time as other quality measures. One is an orientation
checker. If the right-hand rule is applied to all the faces in a
tetrahedron, two faces will have normals which point inward,
and two will have faces that point outward. Normally, the
connectivity information for these nodes is random, so checks
must be made by the flow solver to determine which faces
point inward and which point outward. If, however, all the
nodes are arranged with the fourth node "on top" of the first
three, then the faces opposite the first and fourth nodes always
will point inward, and the faces opposite the second and third
nodes will point outward.

Local Mesh Quality
There also are local mesh quantities for three-dimensional

meshes. These also require some information about the neigh-
boring elements. As a minimum, the element numbers for
the four neighbor elements must be known. If possible, it is
beneficial to also store additional information, such as the
neighboring element orientation or neighboring nodes. Also,
as the two-dimensional quantities are measured across sides,
the three-dimensional ones are measured across faces. Var-
iations of the above individual element quantities can be
measured across element faces, yielding some local quality
measures.

In three dimensions, volume ratios are useful measures of
stretching, just as area ratios are important in two dimensions.
Mesh stretching is even more important in three dimensions
than it is in two. This is because a doubling in the linear
spacing will result in an eightfold increase in volume, and,
consequently, large changes in the volume ratios are likely.
These changes can be located with the volume parameter,
indicating problems in the background grid.

Skewness measures also can be computed for three-dimen-
sional elements. Using the two nodes on the opposite sides
of the face of interest and the center of the face, a triangle
is formed. The area of this triangle divided by the area of the
face itself becomes the skewness. For two ideally aligned ele-
ments, the area of the formed triangle will be zero, resulting
in zero skewness.

There are other problems with meshes in three dimensions
which may be detected during quality assessment. One such
problem with tetrahedral meshes is that it is difficult to find

elements with negative volume. These can occur after smooth-
ing has been applied, or perhaps even by the grid generation
program itself. One way to find these elements is to perform
a global volume check. The absolute value of the volume of
each of the elements is summed and compared to the expected
volume enclosed by the boundaries. The problem with this
method is that except for meshes with strictly defined outer
boundaries, the expected volume is extremely difficult to com-
pute. Even assuming it is calculable, the errors introduced po-
tentially are greater than the volume of the element with neg-
ative area itself. Another problem with this method is that even
if it works, it will only confirm the existence of a negative volume
element. It is still up to the user to find that element. However,
by comparing nodes across faces, it is possible not only to locate
the presence of elements with negative volumes quickly and
accurately, but to identify the elements themselves. For two
adjoining elements with positive volume, their off nodes will be
on opposite sides of the common face. For a combination of
two elements, one of which has positive volume and the other
which is distorted, these nodes will be on the same side of the
common face. For a distorted mesh with two adjoining elements
with negative volumes, this test will fail for this face but will
pass for other faces of the distorted tetrahedron.

Solution Algorithm
The inviscid flow about several unstructured two- and three-

dimensional meshes was determined by solving the time-de-
pendent Euler equations. The computational method is an
implicit upwind flow solver that uses Roe's flux-difference
splitting. The implicit temporal discretization is a two-sweep
Gauss-Seidel relaxation procedure that is computationally ef-
ficient for either steady or unsteady flow problems. Details
about the solution algorithm are given by Batina.22*23

Results
Calculations were performed to determine the quality of

several unstructured meshes and to assess the accuracy of the
flow solver by comparing calculations with experimental data.
Three-dimensional results were obtained for two configura-
tions for a variety of meshes and different flow conditions.
An ONERA M6 wing24 case was studied for a freestream
Mach number Mx of 0.84 and an angle-of-attack a of 3.06
deg, which is hereafter referred to as case 1. Additionally,
meshes were generated about the Boeing 747 transport con-
figuration, and a set of calculations were made. This is at
M^ = 0.70 and a = 2.72 deg which is referred to as case 2.

ONERA M6 Wing
To investigate spatial accuracy, results were obtained on

three ONERA M6 wing meshes. This wing has been widely
studied, and results have been obtained using many other
flow solvers, on both structured and unstructured meshes.
The wing has a leading-edge sweep of 30 deg, an aspect ratio
of 3.8, and a taper ratio of 0.56. It has a symmetrical cross
section, a root chord of 0.6775, a semispan of 1.0, and a
rounded tip. For this configuration, three meshes, the surface
triangularizations of which are shown in Fig. 4, were gener-
ated. Sizes of these meshes are summarized in Table 1. These
meshes are of increasing grid density to investigate the effects
of mesh spacing on the calculated solution. Nodes are placed

Mesh 1 Mesh 2 Mesh 3

Fig. 4 Surface triangularization for ONERA M6 wing meshes.
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Fig. 5 Comparison of mesh qualities for three ONERA M6 wing meshes.
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Fig. 6 Comparison of calculated and measured coefficients of pressure on the ONERA M6 wing at M^ = 0.84 and a = 3.06 deg.

Table 1 Comparisons of ONERA M6 wing meshes

Number of cells
Number of nodes
Number of boundary faces
Number of boundary nodes

Mesh 1
47,344
9,401
5,860
2,932

Mesh 2
98,317
19,048
10,388
5,196

Mesh 3
288,170
53,989
23,164
11,584

Table 2 Convergence characteristics for ONERA M6
wing meshes for case 1

Mesh 1 Mesh 2 Mesh 3
CPU time (Cray-2 min)
Iterations

18
998

52
1328

494
3258

on these three meshes along the chord at the span stations
rj = 0.2, 0.44, 0.6, 0.8, 0.9, and 0.95 to aid in making com-
parisons with the experimental pressure data of Ref. 24.

Mesh qualities for the ONERA M6 wing meshes are shown
in Fig. 5. These assessment plots show the percentage of cells
in each mesh which fall into certain quality ranges. For a
uniform mesh of regular tetrahedra, 100% of the cells would
be in the leftmost columns. All three meshes were generated
using the same mesh input data and background grid, with
the only differences being in the global spacing parameter.
Therefore, it is not unexpected that the three meshes are of
similar quality. It is worth noting that mesh quality improves
as the mesh density increases, suggesting that increases in grid
density lead to more uniform cells.

At the present time, the mesh quality procedures can do
little more than serve as a test to show if a mesh is or is not
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Table 3 Force and moment coefficients for ONERA M6 wing meshes

Mesh 1 Mesh 2 Mesh 3 Ref. 8
Lift coefficient
Drag coefficient
Moment coefficient

0.2892
0.0195

-0.1715

0.2893
0.0167

-0.1702

0.2923
0.0140

-0.1717

0.2911
0.0123

-0.1726

Table 4 Comparisons of Boeing 747 transport
configuration meshes

Mesh 3

Mesh 3

Fig. 7 Surface pressure contours on the ONERA M6 wing for three
meshes at M, = 0.84 and a = 3.06 deg (AP/P. = 0.02).

Mesh 2

Fig. 8 Surface triangularization of two Boeing 747 transport config-
uration meshes.

Mesh Mesh 2

Number of cells
Number of nodes
Number of boundary faces
Number of boundary nodes

216,864
39,847
14,254
7,121

441,731
80,520
26,423
13,208

suitable for use. It is possible to use these techniques to isolate
a given poorly shaped cell, or region of cells; however, the
remeshing of this region can be tedious especially if the region
contains a large number of cells. In general, the practical
option is to remesh the entire domain, after altering the back-
ground mesh in the regions of difficulty.

Convergence information for case 1 is shown in Table 2.
This table shows the time required to achieve a four order of
magnitude reduction in the L2-norm of the density residual,
which was selected as the level for acceptable convergence.
For mesh 1, a converged solution was obtained in about 18
min of Cray-2 CPU time. For mesh 2, a converged solution
was obtained in less than 1 h of CPU time, while a solution
on mesh 3 required about 8 h. Coefficients of pressure are
shown in Fig. 6. In these plots, coefficients of pressure com-
puted using mesh 1 are denoted by the dashed lines, coeffi-
cients of pressure on mesh 2 are given by the dotted line,
coefficients of pressure on mesh 3 are given by the solid line,
and experimental data is represented by the circles. For this
case, a double shock wave occurs on the upper surface of the
wing and coalesces into a single, relatively strong shock near
the wingtip. As expected, coefficients of pressure for mesh 3
show the sharpest resolution of the double shock wave. Re-
sults for all three meshes show good agreement with each
other aft of the 70% chord line on the upper surface, and aft
of the 25% chord line on the lower surface. Pressure contours
for this case are shown in Fig. 7 for the three meshes. The
contours on all three meshes show the double shock wave on
the upper surface. The contours on mesh 3 show much sharper
shock waves than the other two meshes, demonstrating an
effect of mesh density. On the lower surface, there is less of
a noticeable difference between the three sets of results.

Coefficients of lift, drag, and pitching moment about the
wing apex are given for the three meshes in Table 3. These
values were obtained by summing face centered values around
the wing. Additionally, the table presents lift, drag, and mo-
ment values reported in Ref. 8 which were computed on a
mesh with 231,507 elements and 16,984 nodes. This demon-
strates good agreement between the present method and an-
other unstructured upwind Euler solver.

Boeing 747 Transport
To investigate a more complex configuration, the Boeing

747 transport configuration was chosen. In addition to the
wing and fuselage, this configuration includes flow-through
engine nacelles and horizontal and vertical tails. Two meshes
were generated for this configuration, the surface triangular-
izations of which are shown in Fig. 8. For these meshes, the
same surface input data was used, but different background
grids were applied to achieve different density.

Mesh 1 is relatively coarse, with no dramatic increase in
mesh spacing along the wing. Mesh 2 is considerably finer,
especially near the wing leading edge. Table 4 presents a
summary of the mesh sizes. Mesh qualities are given for the
two meshes in Fig. 9. Based on the quality evaluations, mesh
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Fig. 9 Comparison of mesh quality for two Boeing 747 transport configuration meshes.
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Fig. 10 Comparison of calculated and measured coefficients of pressure on the Boeing 747 transport configuration at M
2.72 deg.

= 0.7 and a =

2 is of slightly higher quality, which is expected due to the
decrease in mesh spacing.

Convergence information for case 2 is shown in Table 5.
Mesh 1 required about 4.5 h of Cray-2 CPU time, and the
calculation on Mesh 2 was converged in slightly over 12 h.
Coefficients of pressure for case 2 on the wing at several span
stations are shown in Fig. 10, along with experimental data.
Values for mesh 1 are given by the dashed lines, values for
mesh 2 are given by the solid lines, and experimental data is
represented by the circles. Calculations for mesh 2 show good
agreement with experimental data, especially at the outer
span stations. The differences between the two sets of cal-
culations are primarily due to the differences in mesh density
near the wing leading edge. Further refinement of the mesh
near the leading edge should result in better agreement with

experimental pressures. Lower surface comparisons with ex-
periment are very good along the entire span, and differences
along the upper surface at the inboard span stations are be-
lieved to be the result of a combination of factors, including
viscous effects, and possible inaccuracies in the modeling of
the wing/fuselage junction region. Pressure contours about
the entire aircraft for mesh 2 are shown in Fig. 11. Flow
expansion occurs along the upper surface of the wing, the
horizontal tail, and the nose region of the fuselage. Stagnation
occurs near the wing and tail leading edges, and the front of
the engine nacelles. Also the effect of interference between
the wing and the fuselage is indicated by the contour lines
that wrap around the fuselage beginning just aft of the leading
edge of the wing. This demonstrates the ability of the solution
algorithm to effectively treat a complex configuration.
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Table 5 Convergence characteristics for Boeing 747
transport configuration meshes for case 2

Mesh 1 Mesh 2

CPU time (Cray-2 min)
Iterations

268
1690

732
2237

Fig. 11 Pressure contours on a Boeing 747 transport configuration
computed using mesh 2 at M^_ = 0.7 and a = 2.72 deg.

Concluding Remarks
Quality assessment procedures were described for two- and

three-dimensional unstructured meshes. The procedures in-
clude measurement of minimum angles, element aspect ratios,
stretching, and element skewness. Meshes about the ONERA
M6 wing and the Boeing 747 transport configuration were
generated using an advancing front method grid generation
package, and qualities of these meshes were assessed.

Validation of an implicit upwind Euler solution algorithm
was begun by obtaining solutions of the Euler equations for
these meshes at low angle of attack, transonic conditions.
Results for these cases demonstrated the accuracy of the cur-
rent solution algorithm. Comparisons of calculated pressures
with experimental data show excellent agreement for the
ONERA M6 wing meshes. Similar comparisons of calculated
pressures with experimental data for the 747 configuration
also show favorable agreement.
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